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Abstract. Let E is be vector bundle with meromorphic connection on /k 
for some field fc C C, and let E be the sheaf of horizontal sections on the an- 
alytic points of X. The irregular Riemann-Hilbert correspondence states that 
there is a canonical isomorphism between the De Rham cohomology of L and 
the 'moderate growth' cohomology of L. Recent work of Beilinson, Bloch, and 
Esnault has shown that the determinant of this map factors into a product 
of local 'e-factors' which closely resemble the classical e-factors of Galois rep- 
resentations. In this paper, we show that e-factors for rank one connections 
may be calculated explicitly by a Gauss sum. This formula suggests a deeper 
relationship between the De Rham e-factor and its Galois counterpart. 

1. Introduction 

1.1. Motivation. The theory of e- factors originates from a curious asymmetry in 
the functional equation of a Zeta function, first observed by Tate. Suppose that F 
is a local field and x is a character of . If $ is a test function on F, we may 
define a zeta function x, s) in the usual way. The ratio S(<I>, x, s) = 
where L{x^ s) is the L function associated to Xi satisfies a functional equation; 

5($,x'',l-s) =£(x,s,V)S($,x,s)- 

Above, x^ is the contragredient of x and <& is the Fourier transform of $; notice that 
the construction of the Fourier transform requires a choice of an additive character, 
which we denote by ^. In particular, the functional equations of L and Z differ by 
an error term £(x, s, ip) that only depends on x and ■0. 

We recall a few standard properties of e(x, s, i/'), taken from [TU] chapter 6. Let 
be the unit subgroup of F^. Suppose that ij] has conductor c{ip), and let 
a(x) be the least integer such that xlc/" is the trivial character. First of all, if the 
residue field of F has order g, then 

e(x, s, V) = 9(5-^)(«(x)+'=('^))e(x, 1/2, V). 

In particular, e(x, s, V') is a monomial in the ring C[q'*/^, (resp. Q£[(7*^^, 

depending on the field of coefficients). For historical reasons, we will take the 
convention e(x, "0) — Q^'^^^^'^iXT^T^'): by our previous observation, this quantity 
uniquely determines e(x, s, 4')- 

When X is ramified, then e(x, ip) may be calculated in terms of a Gauss sum. In 
particular, if dz is the Haar measure on F normalized so that the ring of integers 
has measure 1, 
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Above, 7 is an element of chosen to have valuation a(x) + c{ip). 

1.2. Geometric e-factors. If we consider the Tate e-factor through the lens of 
class field theory, a very different picture emerges. Fix a separable algebraic closure 
F of and let Wp C Gal{F/F) be the Weil group of F. Then, the abelianization of 
Wp is isomorphic to F^ ; in particular, we may think of the e factor as an invariant 
of abelian Galois representations of #f. 

A deep theory, due to Langlands and Deligne ([H]), shows that there exists a 
natural generalization of the e factor to n dimensional semisiniple smooth repre- 
sentations of #F. The Deligne-Langlands e-factor, or 'local constant,' has been 
studied extensively as one of the core invariants of the Langlands corresponence. 
In particular, if we specialize to the case where _F is a function field, then the 
Deligne-Langlands e-factor has some very nice properties as a purely geometric 
invariant. 

Suppose that X/k is an algebraic curve in positive characteristic with function 
field K, and let ^ be an irreducible smooth i'-adic sheaf of rank n on some dense 
open subset j : V ^ X. Let k be an algebraic closure of the field of coefficients. 
We define 

s{X,j^.^) = detiRTciV XkSpec(k),j^.^)y\ 
This is a graded line in degree —x{X, where x is the usual Euler characteristic. 
If A: = Fq, the geometric Frobenius, Frobo, acts on £(Ar, ^); in particular, the 
determinant of — Frob^ is a constant in Q^lJ 

We can recover the local constant by restricting ^ to the Henselization ATfj.) 
of X at a closed point x G \X\. If Ar(j.) — Spec(i?), then any one form v defines 
an additive character on R by 'ip^i'i') — Res(rj/). The local constants, denoted by 

, v), are graded lines with coefficients in along with a canon- 
ical action of Frobq. For instance, suppose that F is the field of fractions of R 
and rjx is the generic point. Then, when has rank 1, defines an abelian 
representation % of Wp- In this case, ([17], theoreme 3.1.5.4, (v)), 

e(x, ^u) = Tr (-Frob,, £(X(,), (j*^)^^ , v)) . 

The essential property of the geometric e factor, conjectured by Deligne and 
proved by Laumon, is the product formula ( |17] . theoreme 3.2.1.1): 

(1.2.1) det(-Frob,,£(X;j;^)) = 

qCii-9)r(.^) Jl (Tr(-Frob„e(X(.);(j;^)U,.,,Hx,.,)) 

x&\X\ 

Above, V IS a, global meromorphic 1 form, C is the number of connected components 
oi X Xk k, r(^) is the generic rank of and g is the genus of X. 

1.3. De Rham e-Factors. Given the geometric nature of the Deligne-Langlands 
e-factor, one might ask whether there is an analogous invariant for De Rham co- 
homology. This question dates back to Laumon ([17^), in which he cites Witten's 
proof of the Morse inequalities as the motivation for his proof of the product for- 
mula (|1.2.ip . Early work on the subject was presented by Deligne at an IHES 
seminar in 1984; however, interest in De Rham e-factors has been revived by the 
recent work of Beilinson, Bloch and Esnault (|2], [3]). 

^In |17) . £{X,,!^) is defined as the determinant of — Frobq. Here, it is preferable to think of 
£{X,.^) as a hne with a canonical Frobenius endomorphism. 
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In order to get a handle on the De Rham theory, it is best to work globally to 
locally. In particular, suppose that X/k is a smooth projective curve with coeffi- 
cients in fc C C, and E is a, meromorphic connection that is smooth on j :V ^ X. 
Let Ec be the perverse sheaf of horizontal sections of E"-^ on V°'^ . According to 
the irregular Riemann-Hilbert correspondence (see section [2^ . there is a Stokes 
filtration {E*} on sectors around the singular points of E. If we let E° be the zero 
filtered part, there is a natural isomorphisnQ 

(1.3.1) ^m(^; E)®kC^ 7J*(X'^"; j,E°) 

(theorem d?!]). 

The situation becomes more interesting if there is a reduction of structure for 
Ec to a field M C C, denoted Em, that is compatible with the stokes filtration at 
infinity. We define the global e factor of the pair (i?, 'Em) to be the pair of lines 

(£DR(^;j*i;),es(X"";j;(E;,))) defined by 

eY,K{X;i.E) = det[H*^^{X;j,E)) 

eB(X"";j;(E;,)) = det(7?*(X''", j;eO,)). 

Notice that £dr(-'^; and esiX"''^; are graded lines in degree — x(X; E). 

Furthermore, there is a canonical isomorphism 

(1.3.3) eDR(X; E)®kC = eB(X'"'; j*E;,) ®m C 

defined by (|1.3.ip . If we choose k and M to be sufficiently small, this map contains 
non-trivial arithmetic data. 

In [2] and j3l, Beilinson, Bloch and Esnault demonstrate that there are local 
e-factorizationqj of esiX'^'^; j^.'E^i) and £j^^{X; j^,E). Specifically, for each closed 
point X € X(fc), we may localize to a formal connection E^ on the completion 
of X at X and j*E^j to a filtered local system (E^)^; on a small analytic 
neighborhood A^; containing x. Then, there is a theory of local e factors for 
(resp. Aa;): if we fix a global one form there are canonical isomorphisms 

e^^{X-j,E) = (g) e{X(^)-E^.v) 

(1-3-4) 

eB(X"";j;E;,) = (g) e(A.; {^1^^). 

Using a local Fourier transform, Bloch and Esnault have shown that there exist 
isomorphisms 

e{X(^y,E^, v)®k'C'^ e{l^^] {E*m)x,v) ®m C 
that are compatible with (|1.3.3p . Thus, we have a theory of local Betti and De Rham 
e-factors that resemble the Deligne-Langlands local constants. The main cosmetic 
difference is that now we have two lines that are identified by a canonical Riemann- 
Hilbert isomorphism, whereas before we had a single line with a canonical Frobenius 
endomorphism. In the process, however, the connection between e-factors and 
representation theory becomes obscured. 

In this paper, we will show that the De Rham and Betti e-factors for rank one 
connections may be calculated in terms of a Gauss sum. This problem was originally 
suggested by Bloch and Esnault in [5] , and our approach owes much to their study 



^ Here, we take the standard perverse shift for De Rham and Betti cohomology 
■^see definition 13.41 for a formal definition 
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of Gauss- Manin determinants. Furthermore, the work of Bushnell et. al. ([8], [9]) 
suggests that there should be a non-commutative Gauss sum formula for e-factors 
in higher rank; using the 'induction' axiom for e-factors and the Gauss sum formula 
in rank 1, we have seen positive results in this direction dXi). 

1.4. Results. In rank one, the Stokes filtration is entirely determined by a Morse 
function. Therefore, most of our data will consist of pairs {^,C), called 'Betti 
structures': ^ is a holonomic P- module and C is a perverse sheaf with coefficients 
in M. These objects are related by a fixed isomorphism DR(.if) = C (E)m C. 
The Morse function a is a meromorphic function determined by Jif. In the global 
case, we denote the 'rapid decay' complex of {C, a) on by i?rc(y"; C, a). In 
particular, there is a natural quasi-isoniorphism 

It is instructive to consider the case where the underlying scheme is Spec(fc). 
Then, ^ is a A: line, C is an M line, and there is a fixed map ^ ®k'C = C ®m C. 
It is easy to see that isomorphism classes of pairs (.if, £) in degree correspond 
to double cosets in fc^\C^/M^; if ^ e C is a coset representative, we denote 
the corresponding pair of lines in degree d by (^)[— d]. There is a natural tensor 
structure on such pairs, which amounts to d] ® (?')[~^'] = (??')[~^ ~ ^']- 

Returning to the case where ^ is a quasi-projective variety, if .if is non-singular 
at a point ix : a; — >■ y, we denote 

{I£,C;x) = (z;^[-dim(y)],z;£[-dim(y)]). 

Notice that the shift is necessary to ensure that the lines are in degree 0. 

First, we consider the local picture. The pair (L, L) consists of the following: L 
is a formal holonomic 2?-module with coefficients in o = and L is a perverse 

sheaf on an analytic disc A that is constructible with respect to the stratification 
{0} C A. If 2 is the inclusion of the generic point of Spec(o), it will suffice to 
consider the case where L — j\j*L. We suppose that L has irregularity index / at 
0. 

We use local class field theory to define a 'character sheaf {J^',C) associated to 
(L, L). As before, {W C : * > 0} are the congruence subgroups with U^{k) = 
0^ ; furthermore, we let be the group ind-scheme defined by U^ez t"'U°- Then, 
{^,C) is an invariant Betti structure on F'^ /U^^^: ^ is an invariant line bundle 
with connection, and L is an invariant local system with equivariant Morse function 
/3. As in the arithmetic theory, any non-zero one form v g ^J/fe determines a 
Fourier sheaf [^^y^T Let c[v) be the order of the zero (or pole) of and 
define a(.if ) = / + 10 We define a Gauss sum by 

T(J^,£;z.) = (rDR(if;i/),rB(£,/3;^^)) 

rDR(if ; z^) = i?re(7"'C//C/-^+i; if ®o ^.) 

tdr(£, v) = i?r,((7-iC//C/^+i)''"; £ ®m /3 -f V.)- 

Above, 7 is an element of of degree c{y) -f a(if). 

Theorem 1.1. r(if,£;i^) is a pair of lines in degree 0. Furthermore, there exists 
5 ^ k and g e F^ of degree —c{v) — a(if ) determined by if with the following 
property: 



In particular, the trivial connection has a = I. 
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(1) when a = 1, 

where V is the usual gamma function; 

(2) when a = a(^) > 1, 

/ C 

V 27r 

This theorem is proved in section [5l theorem 15.41 We define 

e{J^, £; ly) = (271 V^)"'^'"'^ ® r(i^^, i.)[-c(iy) - a(if)]. 

Our main theorem is that the local e-factors satisfy a global product formula on 
P^. We now suppose that L is a line bundle with connection on y C X = P^, and 
{L, L) is a Betti structure for L. Denote the inclusion of in X by j. If a; G X{k), 
we denote the localization of {j\L,j\'L) to Spec(C'x,a;) (resp. A^.) by (I/j-jL^,). Let 
{^x,Jl^x) be the character sheaf associated to (Lj;,La:)- Define 

where (-5f^, C"^) is the puUback of C) by the inverse map on . 
Theorem 1.2. There is a canonical isomorphism of graded lines 
e(X;j,L,j,L) = (27^^/^) (g) e(L„L,;j.). 

Notice that this theorem, proved in section [6.31 specializes to the index formula 
for irregular singular connections (theorem 16. ip if we consider only degree. The 
proof follows Deligne's proof of the product formula in positive characteristic [l2] . 
The missing ingredient is a Kiinneth formula for rapid decay cohomology. 

Theorem 1.3. Suppose that U and V are smooth complex analytic varieties. Let 
Ad and Af be local systems on U and V, and suppose that (j) (resp. t/j) is a regular 
function on U (resp. V). Then, there is a natural quasi-isomorphism 

RTciU X M K A/", + V') = R^dU; (p) K RTc{V; M, ^p). 

This theorem is a variation on the Thom-Sebastiani theorem, found in [22 The- 
orem 1.2.2. The version needed here is proved in section [2771 

This research was completed as part of the author's doctoral thesis at the Uni- 
versity of Chicago, and this paper was written while he was a VIGRE post-doctoral 
researcher at Louisiana State University, grant DMS-0739382. The author would 
like to thank his thesis advisor Spencer Bloch, who originally suggested the problem 
and generously shared his manuscript on the e-factorization of the period determi- 
nant. The author is also grateful to Alexander Beilinson, Helene Esnault, and 
Claude Sabbah for helpful discussions, and would like to acknowledge their work 
as the primary inspiration for this paper. 
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2. RiEMANN HiLBERT CORRESPONDENCE 

We begin with a review of the theory of algebraic 2?-inodules. The main ref- 
erences will be [T] and [T5], but the material specific to 2?- modules on curves is 
found in \W and '20'. Throughout, k and M will be fields with fixed imbedding 
in C; k will be field of definition for De Rham cohomology, and M will be the field 
of definition for moderate growth cohomology. Typically, k will be an algebraic 
extension of Q, and M = Q(e^''^"i , . . . , e^'^v^"" ) for a, e k. 

2.1. Holonomic D-modules and Constructible Sheaves. In this section, k 
will be an algebraically closed field with fixed imbedding fc C C. Let X/k be 
a smooth, quasi-projective algebraic variety, and suppose that J? is a holonomic 
I?x-modulq3- 

There is a dualizing shcai T>^{[1 , Lecture 3, section 5), and we define 

= Rnom-DA-^iT^x)- 

In general, D(ID)(J?)) = ^ whenever ^ is coherent; however Roos's theorem {ibid.) 
implies that ID)(^) is concentrated in degree if and only if ^ is holonomic. When 
^ is an integrable connection, = where is the dual connection. 

We will adopt the notation of [I] to describe inverse and direct images of I?- 
niodules. Therefore, if : K — > X is a morphism of varieties, we use 4>'{^) = 
Oy^Ox to denote the standard pull-back for 2?- modules. In the derived category, 

= i0-(^)[dim(X) - dim(r)], 
0*(^) =D(<?!>'©(jr)), 

and 0! is the left (resp. 0* is the right) adjoint of (resp. 0*). When X — Spec(fc), 
and is a holonomic I?y-module, we define 

i?r(y; J?') = 0*-^' and 

When ^ is holonomic, there exists an open, dense subset j : V ^ X with the 
property that j*^ is Oy-coherent lecture 2). Therefore, if i : Y ^ X is the 
complement of V, there is a distinguished triangle 

(2.1.1) ij-^ ^ ^ 

in the derived category of I?x-modules with holonomic cohomology. In particular, 
j*^ is quasi- isomorphic to a vector bundle on V with algebraic connection. When 
X is a curve, Y = ]JSpec(A:) and i-,^ is a direct sum of complexes of fc-vector 
spaces. 

The projection formula ([T], Lecture 3 section 12) for I?- modules states that 
<l>*{^' (t>-.^) = 0*(^') -^[dimlr) - dim(X)]. 

Let X and Y be smooth varieties over fc, and suppose that ^ is a I?y-module and 
is a -module. We denote the exterior tensor product of ^ and oxi X xY 
by ^ Kl ([T], lecture 3.11). There is a Kiinneth formula for ©-modules: 



^in the sense of jTj, lecture 2 section 11. Unless specified, all I'x-modules will be left Dx- 
modules. 
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Proposition 2.1 (Kiinncth Formula). There are natural isomorphisms 

(2.1.2) RT{X xY;^' m^) RT{X; ®k R^iY; 
and 

(2.1.3) RTciX xY;.^'M ^ RT^iX; .^') (g,k RT{Y; ,^'). 

Proof. Equation (12.1.21) is proved by repeated application of the projection formula. 
The second equation follows from p.l.2p . and the observation that D(j?' Kl JF) = 
D(^')^®(^)- □ 

2.2. Analytic and Formal 2?-modules. Let be the complex analytic struc- 
ture on X{C). The puUback of ^ to is an analytic 2?x<"'-module Notice 
that if ^ is an integrable connection, then is an analytic vector bundle. More- 
over, the horizontal sections define a local system (^°")^ that generates J^"'" as 
a C'js:an -module. 

The De Rham functor allows us to compare holonomic Pjf-modules with perverse 
sheaves on X"". 

Definition 2.2 (De Rham Functor). Let fi^a^ be the sheaf of holomorphic forms 
on X"", so the complex fl'^an with exterior differential d is the standard de Rham 
complex of X . Define 

DR(^) = r!x-[dim(X)]. 

Therefore, DR(^) lies in the derived category of Cx"" -modules. 

Recall (|2.1.ip . Since is isomorphic to a vector bundle with connection Wj*^, 
DR(j*^) is quasi-isomorphic to the perverse local system generated by horizontal 
sections. 

Suppose that cj) : F"" — is a morphism of complex analytic manifolds. 
When is a complex of sheaves, we will use (f)~^J- to denote the inverse image of 
^. Abusing notation, 0* and will be used for the derived pull-back and push- 
forward in the analytic category, respectively, and </>', 4>\ will be used to denote 
pull-back and push- forward with compact support. We remark that the DR functor 
does not necessarily commute with push-forwards and pull-backs. 

In addition to studying the analytic structure of X'x-modules, we will also con- 
sider localization to a power series ring. Let C be a curve, and a; € C a point. 
Let — Oc,x be the ring of formal power series at Ox, and let K be the field 
of laurent series at x. If ^ is a holonomic I?x-niodule, then = ^(S^Oc*^ ^^'^ 
= ^(S)Oc^- -^K is a finite dimensional vector space. The following defi- 
nition of regularity is equivalent to various other formulations that appear in the 
literature (Corollary 1.1.6, p. 47 [20^). 

Definition 2.3. Fix a parameter z, identifying o = fc[[z]] and K = fc((z)). Then, 
we say that .'P (resp. -^K ) is regular singular at x if there exists an o suhmodule 
C with the property that 

az 

If no such -suhmodule exists, ^ is irregular singular. We say that is regular 
singular if regular at all singular points x G C. 
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Now suppose X/k is an n- dimensional smooth quasi-projective variety and is 
a Vx -module ^ is regular singular if, for any inclusion l : Spec(-?C) V , i^<^Q^K 
has regular singular cohomology. 

For general we can measure the defect from regularity at a singular point 
by the irregularity index Za;(=^)- Like regularity, this property only depends on 
the formal completion of at x. See [13], lemme 6.21 for a formal definition. 
For example, suppose that ^ is the trivial line bundle with connection V = c? + 
wA. Then, ix{-^) = max(0, — orda;(a;) + 1). Note that there is another standard 
formulation of the irregularity index in the literature, described in terms of local 
Euler characteristics ([E], Chapter 4, theorem 4.1). 

We define 'D\gi{T>x) to be the bounded derived category of complexes of Vx- 
modules with holonomic cohomology, and D^5(I?x) to be the fuh subcategory of 
complexes with regular singular cohomology. Furthermore, we define D^Q„(Cjfan) 
to be the bounded derived category of Cx»" -modules that are constructible with 
respect to an algebraic stratification of 

Theorem 2.4 (Riemann-Hilbert Correspondence ([1] Lecture 5, Main Theorem 
C)). Let X/k and Y/k be a smooth algebraic varieties, and let 4> : Y ~¥ X be a 
morphism. 

(1) DR(DL,P^))cDL,(C^..). 

(2) On the subcategories D^g(2?x) and D^g(I?y), DR commutes with duality, 
0*, (j)* , 4>\, and 4>' ■ 

(3) DR defines an equivalence of categories between Ti'^j^giVx) o-nd'D'l^^{€.x)- 
The restriction of DR to complexes of pure degree defines an equivalence 
between holonomic Vx -modules, and perverse sheaves on X"" (with respect 
to the middle perversity) . 

2.3. Non-characteristic Maps. The Riemann-Hilbert correspondence fails for 
irregular singular I?-modules. Under certain conditions, the DR-functor is still 
compatible with puUbacks, the projection formula, and tensor products. However, 
the irregular singular case requires a careful analysis of the characteristic variety. 
Let T*X be the cotangent space to X, and T^X the zero section. Let (j> : 

y — > X be a morphism of smooth varieties. There are natural maps T*Y <^ 
Y xx T*X ^ T*X, and we define T^X = p^^T^^F). Suppose that ^ is a 
Px-module, and e DJ!q„(Mx<"») for some field M. The characteristic variety (or 
singular support, [I] Lecture 2, section 8) of written Ch(^), is a subvariety of 
T*X that is invariant under homothety in the fiber above a point x € X. Similarly, 
the micro-support (|16j. proposition 5.1.1) of written SS(.F), is a subvariety of 

We omit the precise definitions since they are standard but fairly technical; 
here it is sufficient to understand the smooth case. In particular, when ^ (resp. 
^) is an integrable connection, (resp. local system), then Ch(=^) = T^X and 
SS(jF) = r^a„X°". We say that 4> is non-characteristic with respect to or J^, 
if 

w^\Ch{^))nT*X CY XxT;,X; or. 

Notice that whenever (/) is a smooth map, or ^ is an integrable connection, (j) is 
non-characteristic with respect to ^. 
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Theorem 2.5 ([E], theorems 2.4.6, 2.7.1; [16], proposition 5.4.13). Suppose that 
<j) is non- characteristic with respect to J? and J- . Then, U(j) ,^ vanishes for i ^ Q, 
and D(LV^) = In particular, 

^ (/)'(jr)[2(dim(r) - dim(X))] and 
(j>*{T) ^ (/)'(:F)[2(dim(r) - dim(X))]. 

When (p is non-characteristic with respect to we write 0^ = (j)' . When ^ is 
a complex of constructible sheaves, we write (p'^ = (j)*[dim{X) — dim(F)]. 

Let Ax : X —i' XxX he the diagonal map. T^{X x X) is the conormal bundle to 
the diagonal imbedding of X, so the fiber above (x, x) is the set {{£_, () G {T*X)'^ : 
^ + ( — 0}. There is an isomorphism a : T^{X x X) Txi-^ ^ ^) given locally 
by = {{x,x),{£„-0)- 

If ^ and ^ are P^-modules, Ch(^K^) = Ch(,^) x Ch(^). Since characteristic 
varieties are invariant under homothcty (in this case, multiplication by —1 in the 
fibers), 

w^l (Ch(^ H ^)) nT;^{XxX) = a{Ch{^) D Ch(^)). 

Therefore, Ax is non-characteristic for ^ and if and only if Ch(^) n Ch(^^) C 
T^X. In this case, 

A*x{^m'^)^ ^ (g)^^ ^[dim(X)] . 

Proposition 2.6 (Non-characteristic projection formula). Suppose that <j) : Y ^ 
X , ^ is a holonomic Vx-module, and^' is a holonomic Vy-niodules. //Ch(0!J^')n 
Ch{^) C T^X and Ch(^') n Ch(7r^^) C T*Y, then 

0,(0^(^) ^') - ^ 0!^'. 

Proo/. Let : y -> y X X be the graph of (p. Then, by above, F* (^' K ^) = 
^Ox 4'*-^- The result follows by applying base change to the diagram 

Y 1 y X X 

idx0 

X — ^ X X X. 

□ 

Finally, non-characteristic maps behave well with respect to the DR functor. 

Proposition 2.7 ([15 , proposition 4.7.6). If 4> is non- characteristic for ^ , then 
there are natural isomorphisms 

DR(/*jr) ^ /*DR(^) and 
DR(/'jr) ^ /■DR(jr). 

2.4. Stokes Filtrations. When X is a curve, the Riemann-Hilbert correspon- 
dence generalizes to a correspondence between holonomic Px-modules and per- 
verse sheaves with a stokes filtration. Let « : y ^ X be a reduced divisor, and 
j : V ^ X he the complement. We define tt : X"" — > X"-" to be the real oriented 
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blow-up of along Y; the diagram is 



yan ^ -^an y 



Ay 

7 ' ' 

i 

Above, r^U^gy^i. 

Fix a parameter 2: vanishing at some y gY, and let 5*^ = 7r~^(y). We define a 
rank n ~ p local system Qp^niy) on S"^ by 

00 00 
f^p,„(2/) = { ^ a,z'/Pdz;a, G C}/{ ^ h.z^l^dz-hj £ C}. 

i=-n j/p>-l 

At each 9 £ Sy, there is a partial ordering <e on the stalk fip.n(y)e determined by 
to <e rj whenever |e-/^'^~''| has moderate growth near 9. 

Let (o he a, vector bundle on V with a Py-module structure and £ — DR((f). 
By [19], theorem 2.2, there is a canonical Stokes filtration {£y)^^fi^ ^^y) on j*5|5i. 
Furthermore, there are subsheaves 5° C j*5 and C 5 that satisfy £'^\s^ ~ £y, 
£^'\si = Ev<o £1 and j*£° = ]*£<' - £. 

Theorem 2.8. /[19| . 4-3, Theorems 3.1, 3.2] There are canonical isomorphisms 
and 

(2.4.1) DR(i,f?) = i?7r,(5<°). 

Corollary 2.8.1. Let H^^(V; S") be the algebraic de Rham cohomology of S' . Then, 
there is a canonical isomorphism 

We call H* [X: £^) the 'moderate growth cohomology' of £ with stokes filtration 
{£-). 

2.5. Elementary I?x-niodules. We will consider a class of holonomic P-modules 
for which theorem 12.81 admits a simple description. Let = Spec(fc[t]), and let 
Odt be the P^i -module defined by P^i /V/^i{-^ — 1). The following definition comes 
from |21j : 

Definition 2.9 (Elementary P-modules). Let V/k be a smooth, quasi- projective 
variety (for now, we put no conditions on dimfc(V^)j, and let ./# be a regular holo- 
nomic Vy -module. Given a regular function (f> :V , we define the elementary 
V-module by 

We call (j) the 'Morse' function for S . 

Proposition 2.10. If ^dcp is an elementary Vy -module, then 

B(^d^) ^ (B(^))_^^. 
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Proof. Let T>y be the dualizing sheaf for -modules ([Tj, 3.5). Taking a reso- 
lution of ^ by projective Py-modules, it suffices to show that "Homp^, (T>v 

= ^Ov 0-d4,- Since is Oy- coherent, D(Od^) = ^ O-d^. 
Furthermore, B(Od0) <»Ov C'd^ = C'v- 
Therefore, 

(2.5.f ) Hom-D^ {Vv ®Ov Cd^, = Uomw (Vy, I?y (8)0^- Cl-d^) = 

□ 

Let be the real oriented blow-up of P^ at 00, and j : — > P^ Define 

/ C 7r-i(oo) to be the interval on which dt <g oQ and P} = j{h^) U /. Let 
a : Ai P} and /3 : P} Pi. If Odt = DR(Odt), then the 0-filtered component of 
the corresponding Stokes filtration is given by 

In this case, O'^^ = f3\a^Odt as weU. 

Now, let ^d(j) be an elementary Py-module. Suppose that X is a projective 
closure of V with a morphism $ : X P^, with the property that = 4>- We 
define X = X""- P^ and Xj = X'"' x$ P}. There are inclusions 

yan ^Xji^x. 

Define jx — Px° oix and M-d^, = DR{^d<p), and jx ■ V ^ X. When X is a curve, 
X is homeomorphic to the real analytic blow-up of X"" along the divisor <^~^(oo). 

Observe that ax may be factored as a2 o a^, where ai : V""^ — X x$ A^ and 
q;2 : ^ x$ A^ Xj. In particular, X x$ A^ A^ is a proper map. 

Definition 2.11. Let (f> : V ^ be a regular function, and let Ad be a complex 
of sheaves on y° " . Define 

Rr{V; M, 0) = i?r(X''"; (/^x): 

with X , ax and px as defined above. Moreover, define 

i?r, (y ; M , 0) = i?r (X"" ; (/?x ) , (a2 ) * («i ) ! Al) . 

Theorem 2.12. Suppose that ^d4> is an elementary Vy-module, and M.d(f, = 
DK{^d4>)- There are canonical isomorphisms 

(2.5.2) RT(y;.^d^) ^ RriX;{l3x)<Xax)*Md^) 
and 

(2.5.3) Rr,{V;.^d^) ^ RTiX;{px)\{ai)4a2)<Md4.)- 

The first part is theorem 1.1 in [50]. We include a key step that allows us to 
reduce to the setting of theorem 12.81 

Lemma 2.13. There are natural isomorphisms 

RT{V; .J^d4,) = RT{A} ; (0*^)<it) and 

i?r(y'^"; Ai, 0) i?r(Ai; (0,M), t). 



''If z = 1/t is the parameter at 00, this is equivalent to <g 
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Proof. By the projection formula for I?-modules, 

(j>*^d4, = ^) (8)041 Odt- 
On the other hand, since $ is a proper map, 

^*il3x)<.{ax)*M.d^ = fi\a.^(l>^M.d^- 

Since ^ is regular singular, the sections of i7*DR((/)*^) have moderate growth 
at infinity, and the sections of iJ'DR((</)*^) ®o^-l Odt) have moderate growth on 
the sector /. Theorem 12.41 implies that DK{(f>^,^) = (j>^,DR{^). It follows that 
^*Ald</> = DR(((/)*^)dt)- □ 

Here, we show that the first statement of theorem 12.121 (|2.5.2p . implies the 
second, (|2X3)) . 

Proof. In the second case, 

(j)i^d<p = lD)(A*ID)(^d0) 

= D(/)* ((D^)_rf0) by proposition 

^D((0,D.'#)-dt) 

Similarly, if : X x<j, ^ A\ 

$!(;3x)!(ai)*(a2)!Md0 = (/S): ("2 

= {/3)[{a)^(l3\M.d4>- 

As before, DR(0!^) = (j)rT>R{J(). 
2.6. Betti structures. 



□ 



Definition 2.14 (Bctti Structure). Let ^ he a holonomic 'Dx-module, and let 
M d C be a field with fixed complex imbedding. A Betti structure for ^ is a 
perverse sheaf of Mx -modules M. with the property that Ad ®m 'Cx — DR(^). 

We define MB{'Dx , M) to be the category of pairs (^, A4) consisting of: a 
holonomic I?x-modulcs .J^, Betti structure Ai that has coefficients in M, and 
a fixed compatibility isomorphism a : Ad ®m C DR(^). A morphism in 
MBCDxjM) is given by a pair of maps t/jk ■ ^ ^ and i/'a/ : AA — > AA! with 
the property that the following diagram commutes: 

AA. ^ DR(^) 



DR(i/>fc) 



AM ^DR(^')- 

Therefore, two Betti structures are isomorphic if (-0;;, '0m ) £^re isomorphisms. Notice 
that Betti structures are well defined in the derived category: if ^* is a complex of 
2?jc-modules with holonomic cohomology, then AA* is a complex of sheaves with a 
natural quasi- isomorphism jVi*®AfC = DR(^). Thus, we define (MB) Af) 
to be the category of pairs of complexes (^*, Al*), with € Ti^iJDx) and AA G 
D''(Mx), and a quasi-isomorphism a : AA (g)M C = DR(.^). For instance, we may 
define {J(,AA)[n] = {Ji{n\,AA{n\). 
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Suppose ^ is non-singular on V d X. Fix a basepoint x G V{k) corresponding 
to a maximal ideal C Oy- Let k{x) = Ov/'(nx and C{x) = k{x) (g)fe C. The 
fundamental group of V"'" acts on DK{^)x, so it is a necessary condition that 
M contain the matrix coefficients of this representation. Furthermore, if there 
is a stokes filtration on j*DR(^), M must be large enough so that there is a 
corresponding filtration on j*A^. By theorem 12.121 the second condition is always 
satisfied when ^ is an elementary Pv'-module. 

Let ix denote the inclusion of x. By theorem 12.41 DK{^)x = DR(j*^) = 
C. If and Ad' are isomorphic Betti structures for then there is a 
commutative diagram 



(i/'m)x 



Above, L (resp t') is defined by the composition 

(2.6.1) Ma: ^BRi^^)^ =il^ (^k<C. 

Proposition 2.15. Suppose ^ is a line bundle with integrable connection. Let 
C and C! he Betti structures for DR(^) with coefficients in M. Then, {J^,C) = 
{J^ , CJ) if and only if i{C) = au' {C') with a £ . 

Proof Recah that BRomw ^ ^) - H^niV, ®hx -^I" dimF]) ([T], lec- 

ture 3, section 11). Since D(^) = the dual line bundle with dual connection, 
it follows that 

Homi,^(if,^) = i7gR(Oyhdim(l/)]) = fc. 
Therefore, multiplication by a lifts to a global automorphism tpa G Autp,, i-^)- D 

Suppose that {^,M) and {-vV ,M) are in MS,{Vx,M). If Ch(^) n Ch(^) C 
T^X, then the tensor product 

(^,A<)(8)(^,A/') = ^ , M Af ) 

is well defined by proposition 12.71 since the diagonal map Ax is non-characteristic 
with respect to Kl o/f ). 

Definition 2.16 (Tate Twist). Let ^ he a Vv-module, and Ad a Betti struc- 
ture for ^ . For any integer n, define Ai(n) to be the sheaf [AA.{n)\ [V) = 
[(27rV— 1)~"A1(V^)] , for any open V C V. Furthermore, define {.y/^,Ad){n) — 
,Ad{n)). 



For example, if (27r\/— 1) is transcendental over k and M, {^,AA) is not iso- 
morphic to (^, A4)(l) even though AA = Ad{l) as sheaves. 

By proposition 12.71 if (/) : F — > X is a map of smooth varieties that is non- 
characteristic for then we may use <f)* , (j)' , and 0^ to pull {^,Ad) back to an 
element of MB(X>y, M). 

Proposition 2.17. Let {Ji.AA) £ MB{Vv,M). 

(1) Let i : Y ^ V be a closed imbedding, and di = dim(y) — dim(y). Further- 
more, suppose that i is non- characteristic with respect to ^ . Then, there 
is a commutative diagram 

',Ad)[-d,]{-d,)^r{^,Ad)[d,] 
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(2) If p : W ^ V is a smooth map, and dp ~ dini(Vl^) — dmi{V), 
p-{^,M)^p*i.^,M)[2dp]{dp). 

Proof. Observe that i'^ = ^ ®Ov Oy\Ai\- Smce i* ^ = ^ ®Ov 
take V'fc to be the identity map on ®Ov [f^j] and DR(-0fe) = -0^ (g)^ C. 

We first consider the case where Y has codimension 1. Let j : — ^ F be the 
open complement oiY \vlV . Suppose that ^ is the trivial connection Oy , M = Q, 
and Al is the constant sheaf Qy[dim(y)]. Let ^*y{Y) be the complex of differential 
forms with log poles at Y . Then, there is a quasi-isomorphism of triangles 



J7^[dim(y)] ^ 0^(y)[dim(F)] i,l];,[dini(y)] 



DR(Oy) ^ DR(j; j*Oy) ^ DR(z*rC'v)[-l] 

where Res is the residue map. If / is a local defining function for y, ?/'fc has the 
following local description: 

V'fc : rf7t.[dim(y)] ^ r2;.[dim(y)] 

1 , d! . 

uj ^ ^Resfw A — ). 

2^V^ / 

Now, let Te be a tubular neighborhood of Y in V"""^ , let S'e be the boundary, 
and let — T^\Y . There is a natural projection tt^ : Te — > y, and inclusion 
jg : — 5* Te- It follows that there is an exact triangle 

in particular, iJ-^i?7re»(-Rje*Q7'X = i'QiV). Furthermore, since is a homo- 
topy retract of , there is a quasi-isomorphism 

Res : H^Rtt,,{Qs.)[-1] ^ i'Q{V). 

Finally, the cup product with the Thom class maps i*Qv to H^RTTe^,{QsJ- We 
define ipM ■ i*Qy[dim(y)] — > iQy(— l)[dim(V")] to be the composition of the Thom 
isomorphism with - — 5== Res. 

By integration along the fiber of — > Y , the following diagram commutes: 

(2.6.2) i*Qv[diui{V)] ^DR(i*Oy) 

DR(^fc) 

i'Qy[dim(y)](-l) ^ DR(rOy). 

Now, suppose that ^ is a vector bundle with connection and Al is a DR-sheaf 
for ^ with coefficients in M. Let F* be a c-soft resolution of Qy. Then, F* ^qM. 
is a c-soft resolution of Al ([H] Lemma 2.5.12) It follows that there is a natural 
isomorphism i' Al = {i'Qv) Al. Similarly, = Oy" ®m At- We define %pM 

and DR(-0fe) by tensoring the maps in (12.6.21) with Al. 

When Y has codimension greater than one, Y is locally a complete intersection. 
Therefore, shrinking V if necessary, it is possible to construct a stratification W — 
D y^ D D . . . D y = y, with inclusions : y'= ^ y'^-i. Part n of the 
proposition follows by induction on the codimension of Y . 
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We consider the case of a smooth map p. In this case, p Ai = p*M. ®q P'Qw 
([IS], proposition 3.3.2), and p'^ = p*^[2dp] ([Tj, Lecture 3.13). Therefore, it 
suffices to show that p'Qv — P*Qvidp)[2dp] as DR sheaves for p Oy- We reduce to 
the case where p is a projection by considering the graph morphism 

W — X V 
V. 

If prjQi/ = pr2*Q\/(dim(VK))[2 dim(P^)], then the resuh fohows by applying part[T] 
to Tp. 

Assume W ^ F x V , and p is the second projection. Fix a point w E F, and let 
iy : V W he the map i^{v) = {w,v). Then, i^p'-Qu = i*wFQu{-dp)[~2dp] by 
part [T] However, by composition of functors, i\^p' is naturally isomorphic to the 
identity. Therefore, {p'Qv){tv,v) — {p*Qv{dp)[2dp])f^^ ,;y Bv proposition [2?T5l 
is isomorphic to the Betti structure p*Qv{dp)[2dp]. This proves part[2l □ 

Define MBci(I?x, -^^) to be the category of elementary holonomic P-modules 
with Betti structure. Therefore, an element of MBoi(I?x, M) is given by the triple 
Define 

Rr{X; (^d^, Md4„ 0)) = (i?r(X; ^d4>), R^{X; Md^, 4>)) and 
i?r,(X; (^d^, Md^, 0)) = {RVc{X; J^d^), RT,{X- Md^, <P)). 

Proposition 2.18. Suppose that (j) : X ^ factors as 4)2° 4>i, where (f)i : X ^ Y 
and 02 '.Y ^ K"^ . Then, 

i?r,(X; (^d^, Md,p)) = RTc{Y; ((^O-^d^, {<t)i)\Md^)) ■ 

Proof. The isomorphism RTc{X]^d4,) — R^c{Y\ {4'i)<-^d4>) follows from the pro- 
jection formula in proposition l2.6l 
By lemma [2l3l 

(2.6.3) i?r,(r;(0i)!Md0,,</)2) -i?r,(Ai;(02)!(</'i)!A4dt,i) 

^ RTe{A^;4,Mdt,t). 

□ 

2.7. Kiinneth Formula. In this section, we will show that there is a Kiinneth for- 
mula for elementary I?-modules with Betti structure. Let X and Y be smooth alge- 
braic varieties over k. Suppose that Ai, cj)) and {jK,J\f, tp) are in MBei(X'x , M) 
and MBeiCDy, M), respectively. Define (^, Ad, </>) M {J^, Ai, tp) to be the pair 

{^^^,MMJ\r,(l) + tP) e MBei(2?xxy,M). 

Theorem 2.19. There is a natural isomorphism 

RT,{U xV;MMM,{4 + ^))^ RTc{U; M, 4>) ®m RTdV; Af, g). 

This theorem is a variation on the Thom-Sebastiani theorem (See [12] theorem 
1.2.2). We will need the following elementary topological lemma: 
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Lemma 2.20. Suppose that C = D x I is a cylinder, with I a closed interval in 
R, and ^ is a complex of sheaves that is constant on the fibers of the projection tt : 
C ^ D. Let i : D X {p} — > C , where p is in the boundary of I , and j : D x I\p — !■ C . 
Then, 

Rr{C;j,j*T)^{0}. 

Proof. By assumption, there is a sheaf JF' on D such that T = i:* T\ and i:^^ = 
T' . Therefore, 

RV{C;T) ^ RT{C]i^i*T). 

Since RT{C; ^) is the cone of this morphism, the statement of the lemma 
foUows. □ 

Proof. Define 3?(t) to be the real part of t. Let Hp C A'^ is the half-plane defined 
by ^{t) > — (0, with p >> 0. Then, if .F is a constructible sheaf, 

RT{A^;T,t) RT{F^;P,a^{T) 

-i?r(Ai;(/3p),(/3,)*:F). 
It will be helpful to refer to the following diagram throughout: 



Hp X Hp(- 



7p 




X A 











. 1 T . X 


r A' 



H2p 

hp 



V ■ 



Let r and s be the standard parameters on A^ x A^ . We may reduce to the case 
where U = V — h} ^ observing that 

RV^{IJ X V] {M) B (A/'),0 + ^) ^ RT{A^ x A^;(t)^{M.)mi,^{M),r + s) 

and 



(2.7.1) RT,{U-M,c^)®RT,{V-M,^) 



= RT{A^ ; {M), r) (g) RT{A^;i;,, (A/"), s). 

Ai, r) and 



Thus, without loss of generality, assume (f) — r, tp = s, and both 
{J^,J\f,s) are in MBci{V/,i, M). 
There is a Kiinneth morphism 

(2.7.2) RT{A^;M,r)(g)M RTiA^;Af,s) 

i?r(Ai X Ai; (/3p X l3p),XPp x pp)* {MM^r)). 

We give homogeneous coordinates x,y,z, so that A^ x A^ = V'^\V{z), and 
let X — >■ be the blow-up at (1,-1,0). We may describe X as the subvariety of 

X P^ defined by V{{x + y)u — zw), where w, u are the homogeneous coordinates 
on P^. In particular, t = — = 2i2 = r + s, so the projection A : X restricts 



X Ai 



A^ away from the hyperplane at infinity. 



to the addition map a 
By lemma [2. 131 

RTc{A^ X A^ ; M H AT, r + s) = i?r(A^ ai (M S AT) , 0- 
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Define V = ^-^(Ai) and Vp = A-'^{H2p) C X, and let P'p-.Vp'^ V. Furthermore, 
let 7 : X — 7- y be the open inclusion, and A' : V ^ A^. Moreover, H2p is 
simply defined by 5R(a;) > —2/9. Then, since A' is proper, 

(/32p) ! l3*2pA: 7! ( Al H AT) - a: (/?;) ! (/3; ) * 7! (M K AT) . 

It follows that RTciA^ x A^; MM J\f,x + y) ^ RT(y; (/3;)!(^p)*7! {M M A/")). 

Now, let Zp = V^n(A-'^ X A^). Therefore, Zp is the set of points where di.{x + y) > 
—2p. Moreover, we label the inclusions jp : Zp Vp and /3p : Zp ^ (A^ x A^). 
There is a morphism 

(2.7.3) (/?;)! (/3;)*7! {MMAf)^ UPpWpT {MMAf) 

obtained from the adjunction map id — >■ 7*7*. We will show that this is an isomor- 
phism. 

Let 6 be a boundary point in the closures of both Vp and A^ x A^ . We consider 
a neighborhood of b that is homeomorphic to a polydisc D x D, with coordinates 
z/x and t/u (as before). Let D"" = D - {0} and H = {d e D : ^{d) > 0}. Then, 
Vpn{D X D) = D X H and (A^ x A^) n {D x D) = D"" x D. 

D'^ xH—^Dx H 



/3i 



P2 



D"" xD ^Dx D. 

If is the restriction of At MAf to x H, then lemma [2^201 implies that 

RT{{-i2),(fiMPir^) - RT{{hW2y(ni)*^) = {0}. 

It follows that the stalks are both isomorphic to {0} at h. Therefore, p.7.3p is an 
isomorphism, and 

RTc{A^ X A}-MMM,x + y)'^RT{h} x A^; (/3p)!(^p)* (At K A/")). 

Observe that Hp x Hp a Zp, since 5R(a;) + 3i{y) > -2p if ^{x), ^{y) > -p. The 
inclusion induces a natural morphism 

iPp X PpUfip X PpYi^MmM) ^ (^p)!(^p)*74AtKAr) 

using the adjunction map {(ip x I5p)[{[ip x /3p)' id. We compose this map with 
12.7.21 to obtain a morphism 

RT{A^;M,t) (^M i?r*(Ai;A/',id) ^ Rr{A^; MM JV, x + y). 

By theorem 12. 12[ and proposition 12. 11 this morphism must be an isomorphism. 

□ 

2.8. Rapid Decay Homology. We are interested in calculating the matrix coef- 
ficients of the isomorphism between algebraic de Rham cohomology and moderate 
growth cohomology, as in corollarv l2.8.1l In this section, we will recall the construc- 
tion of rapid decay homology found in adapting it to the case of elementary 
I?-modules. This is a homology theory for irregular singular connections on a curve 
that is canonically dual to moderate growth cohomology; moreover, there is a per- 
fect pairing between the De Rham complex of an irregular singular connection and 
the rapid decay chain complex of its dual connection. 

Let X be a curve, D C X a divisor, and U = X\D. Suppose that At, (j)) G 
MBei(T>u, M), and that ^ is isomorphic to a vector bundle E with connection V. 
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In [4], Bloch and Esnault construct a 'rapid decay' chain complex C*{X, D; E,W) 
with coefficients in DR{E). Roughly, a rapid decay chain consists of a pair (/i,cr), 
where fi is a section of DR(i?) and a € X is a simplex which only approaches D 
on sectors where e""^ has rapid decay. We define C^,{X,D;Ad,(f>) to be obvious 
reduction of structure of C* {X, D; E, V) to coefficients in Al. 

Let {X, D; M, (f)) be the cohomology of C* (X, D; M, (/>). Define M"^ to be 
the dual local system to Ad. There is a pairing 

{X, D;M'',-(f>) X H^^iV; J() C, 
(2 8 1) f 

J a 

Since v is a ^-valued one form, and /i^ is a section of the analytic dual bundle 
i-^dt^y ^ < r^, > is locally an analytic one form. The integral is well defined 
because /i^ has rapid decay near D. 

Theorem 2.21 ([3], Theorem 0.1). The pairing above i2.8.1\) is compatible with 
homological and cohomological equivalence, and defines a perfect pairing of finite 
dimensional vector spaces 

(, ) : H,{X, D; C, -0) x H^j^iV; J(i^ ®k C) ^ C. 



Corollary 2.21.1. The period isomorphism in \2.4-l\ factors through the pairing 

(2.8.2) H* {RT,{V- Md^, (^))®mC^ [H* (X, D; A1^^ ®m C, -0)] ^ 

^ i/DR(^; '^d4>) <»k C. 

To conclude this section, we include a few relevant calculations found in [4]. 

Example 2.8.1 (Gamma Function). Let k be a field with a fixed imbedding in <C, 
and fix an element a € fc. Define a D-module ^ on V = Spec(fc[z, z^^]) by 

oz 

is isomorphic to the trivial line bundle on V with connection 

^ , , dz. 
V = d+ (a— )A, 

so ^ has regular singular points at oo. We will consider the periods associated 
to the elementary 'D-module --^-dz- 

Now, let M — Q(e^'^^'^~^"). The horizontal sections of are locally spanned by 
z~°'e^ , so take Tdz to be the DR sheaf for ^dz with stalks {H~^{J^dz)v = Mz~"e^. 
The monodromy of z~"e^ around and oo is contained in M , so this local system 
is well defined. Furthermore, {H~^{^dz))v is spanned by z"e~^. 

By direct calculation, HY)^{,^-dz) is one- dimensional and spanned by More- 
over, H^Yii-^-dz) vanishes for i nonzero. Let a be the 'keyhole' contour in (A^)"" 
that starts at infinity, traverses the positive real line, winds around counter- 
clockwise, and follows the positive real line back to infinity, a is a z-admissible 
one-simplex in F^, and d ((z"e~^) ® a) = 0. 

Finally, 
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where V is the usual gamma function. Therefore, by corollary \2.21.1\ the isomor- 
phism between H^yYiiV'T^-dz) ®k C and H^(V; ^^dz, z) (^m C in the bases above 
is simply multiplication by ^^^xv-ii — i)r{a) ' 

Example 2.8.2 (Gaussian Integral). Now, with k as above, let = Spec{k[z]). 
Define .jV to be the elementary T) -module O-azdz- Therefore, JV has an irregular 
singular point oo. Let Af to be the Betti structure for jY with coefficients in Q 
spanned by e^'^ . 

As before, iJQj^(A^;^) vanishes in all degrees but 0. However, the cohomology 
in degree is now generated by dz. Let a be the interval [— cxd,cxi] along the real 

line. Ho{¥^ ,0G;J\f^) is generated by Ga ®e~^^ , where Ua is a rotated by \J^. 
Finally, 



so the period isomorphism between H'^{A^; ^) and H^{A^;JV, z^) is given by mul- 
tiplication by 



3. Epsilon Factors 

3.1. Determinant Lines. 

Definition 3.1. Let k and M be subfields of C with fixed imbedding. We define a 
Picard category £{k, M) consisting of: 

(1) Pairs £ = (ikj^M) of Z- graded lines with coefficients in k and M respec- 
tively, and a fixed isomorphism C = £m ^a/ C- In particular, £k and 
£m must be in the same degree. 

(2) Honi(^,^') — {(p : £k ^ £'^. \ 0c(^m) = ^'m\' ^h^f^ (j) is a k linear map and 
(pc is corresponding map on ik^SkC = £m®m'C . Notice that all morphisms 
are invertible. 

(3) Suppose that k' Z) k and M' D M. There is a tensor functor 

: £{k, M) X l{k', M') £{k', M') 

(4,^m) X {£'k^,£'M') ^ (4 ®k £'k'JM ®M e'M'), 

and degree is additive under (g) . 

(4) There is an identity element lk,M = [k, M) in degree 0; 

(5) and every object £ = (£fc,^M) has an inverse 

£-^ = (Homfe(4,fc),HomM(^M,Af)) 

This category was introduced to the author by S. Bloch. Observe that there is 
a natural isomorphism 

£-^(g,£= (Homfc(4, fc) f^A; 4, HomM(4/, Af) (^m £m) ^ lk,M- 
It is easily shown that all lines in degree are isomorphic to a line of the form 

for some ^ S C, which is non-trivial whenever ^ is not in fc or M. 

Let Vk^M denote a pair of r-dimensional vector spaces (14, Vm) with coefficients 
in k and M, respectively, and an isomorphism 14 ®fe C = Vc = Vm C The 
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determinant line of Vk,M is a degree r element of ik,Ai given by taking the rth 
exterior power of each vector space: 

det{Vk,VM)^{A''Vk,A''VM). 

If there is a short exact sequence — > Vk,M — > ^kM' "^^^^ necessary com- 
patibilities, then 

det(T4,M) = detiVUi) (g> detCl^V). 
We will follow the convention that det({0}, {0}) = Ik.M- 

There is a similar construction for complexes. Now, we let denote a 

pair of complexes with k and M coefhcients, bounded cohomology, and a quasi- 
isomorphism C'^ (E)k C ^ C'^j ®m C. Then, 

b 

det{ClM) ^<^dci{H\C*)kM)^-^y. 

i—a 

The degree of det(C^ ^) is the Euler characteristic of C* . Moreover, det(C^ m [1]) — 
det(C^ m)~^- When m ~^ -^fe a/ ~^ ^k m ^ short exact sequence of complexes, 
the long exact sequence in cohomology allows us to construct a natural isomorphism 

det(B^,M) = <^&^{AIm) ® det(C^,M)- 

From a geometric perspective, £{k,M) — MB{'Dc,pcc(k), M); therefore, we may 
think of £{k,M) as the target category of various fiber functors on MB{'Dx , M). 
First, suppose that U/k is a smooth quasi-projective algebraic variety, ^ is a line 
bundle on U with integrable connection, and (^, C) £ MB(I?(7, M). 

Definition 3.2. Let x e C/(fc), and : {x} U. Define (if, £;x) € £{k,M) to 
be the pair of degree lines 

{^d4>.Cd4.\x) = (t^ifd0, e £(fc,M). 

The isomorphism between the the two lines, tensored with C, is given by h2.6.1\) . 

Recall the global e factor of a holonomic P-module on a curve, defined by p.3.2p . 
This is clearly an object of ^(A:, M). Here, we modify the global e-factor in the case of 
an elementary 2?-module. Suppose that U/k is a smooth connected quasi-projective 
variety, and {S" , £,cj))€ MBei(X>x; M). 

Definition 3.3. Define the global e factor of [S , £) by 

e{U; S", £) = det(i?r(J7; , 5, 0)). 
The compactly supported version is given by 

e,{U- S, S) = dei{RT,{U- {S , 5, 0)). 

Let j : U X be a projective completion of U satisfying the conditions of 
definition l2.11[ and let « : D — X be the complement of U. By adjunction, there are 
morphisms ji^f — >■ j*^? and {l3x)\icti)^,{a2)iS — >■ (/?x)!(Q!i)*(a2)*5. Furthermore, 
let i' : D' X he the inclusion of the regular singular points of By theorem 
I2.12| and by adjunction, there is an isomorphism of triangles 

RT^iU; S) ^ RV{U] <S) ^ RT{D; i*j^,S) 



RT,{U- £, c^) RT{U- £, 0) ^ RT{D- {i'Y{a2).£) 



EPSILON FACTORS FOR MEROMORPHIC CONNECTIONS AND GAUSS SUMS 21 



Therefore, 

e(C/; {S, £)) - e,([/; {S, £)) ® e{D'- {(I'ys, 

Furthermore, if every point of I? is a pole of 3>, then <F has no regular singular 
points in D and e(C/; (^f, £)) £c{U\ {S, £)). 

3.2. Epsilon Factors. As discussed in the introduction, the e-factors consist of 
pairs of graded lines {lk,^M) with coefficients in k and M, respectively, along with 
a fixed isomorphism (g)f^ C = £m 'E)m 'C. This is the geometric analogue of the 
classical e-factor, which consists of a single line with an action of Frobenius. 

These lines are determined by purely local geometric data. Suppose that Al) € 
MB{X; M), and ^ has singularities along a divisor D C X. Fix a point x e X{k), 
and let Ox be the completion of Ox at x. Furthermore, let A^, be an open analytic 
disk containing x. The localization of (^, A4) to x is given by the pair 

(^o,,MaJ = (./#(8)02;,M|aJ- 

Now, suppose that o is a power series ring with coefficients in k and F is the 
field of lament series. In the following, =^ is a Vg-module, ^ is an extension of ^ 
to an analytic disk A, and is a DR sheaf for ^ with coefficients in M. Here, the 
rank of ^ is the dimension oi ^ as an F-module. 

Definition 3.4. Let v G f^p/^,- ^ theory of e-factors is a rule that assigns to every 
pair !F), a pair of lines £(J^, ^] v) G ^(fc, M) satisfying the following properties 
(see [3], 4^.9 and [17], Theoreme 3.1.5.4): 

(1) Whenever there are compatible triangles — >■ ^ — >■ and ^ !F ^ 
T" , then 

e(^, T- v) = e{^', T'; v) ® e(^", T" ■ v). 

In particular, e descends to the Grothendieck group of pairs {^^^). 

(2) If p : Spec(o') — )■ Spec(o) is a finite map and {J^,J-) has virtual rank in 
the Grothendieck group, then 

e{p.,^,p,T; v)=e[W,T-p*v). 

(3) if ^ is supported on the closed point of 0, i : Spec(A:) Spec(o), then 

e{^,T; iy)^dct{i*^,i*T). 

(4) If ^ is nonsingular and ord(j^) = 0, then ei^.'P ,!F) = Ife.Af. 

(5) Finally, if (^, M.) are defined as above and u is a meromorphic one form 
on X , then 

e(X;^,A4)!^(27rV^)-'-^"'^(^)(9-i)(» [ (g) e(^o^ , A4a. ; c^) j . 

The De Rham line is studied in [3^ , and the the Betti line is described in [2] . An 
unpublished result of Bloch and Esnault gives a canonical isomorphism between 
the De Rham and Betti lines using a local Fourier transform. In section [6l we will 
show that the isomorphism in rank one may be calculated by a Gauss sum. 
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4. Character Sheaves on 

4.1. Invariant 2?-modules. Suppose that G/k is an algebraic group with mul- 
tiphcation ii : G x G ^ G, and X/k is an algebraic variety with an action of 
G: 

p: G X X ^ X. 

Definition 4.1. We say that a 'DQ-module I£ is invariant if there is a natural 
isomorphism a : n^J^f = ^ ^J^f. When ^ is a complex of Dx -modules, then ^ 
is ^ -twistedly equivariant (t-equivariant) whenever there is a natural isomorphism 
(3 : p^J^ = ^H^, for some invariant Tyc-module . Finally, ^ is G equivariant 
when Oc-twistedly equivariant. 

Consider the commutative diagram 

uxidx 

GxG xX- — ^G X X . 

idcxp p 

G xX ^X 

In order for /3 to be natural, the following diagram must commute: 

{p X idG)'^p^.^ — ^ ^M^M^ 

II II 

(idc X p)^p^^ -^-^ ^ K ^ H ^. 

Above, 7 is the composition [aKlid^] o [(p x idx)]^/3, and S is the composition 
[id^ ^l3]o [(idc X p)]"^ (3. The left vertical arrow is the canonical identification 

{p X idx)^P^^ = {po{px idx))''^ - {po (idc X p))^^ = (idc X p)''p^^. 

If we replace X with G and p with p, we obtain the naturality condition for a. 
The following lemma is the analogue of [18!, 1.9.3. 

Lemma 4.2. Let H be a connected algebraic group. Suppose that H acts freely on 
a variety on X and trivially on Y , and (p : X Y is an H-equivariant morphism. 
Furthermore, assume that ify€Y, then there is an open neighborhood U of y such 
that U = H X (j){U) and cj) is the second projection. Let be a holonomic V-module 
on X . The following are equivalent: 

(1) J(f is trivially H-equivariant 

(2) ^ for some holonomic Dy -module 

Proof. Let n be the dimension of iJ. There is an adjunction map <f>* <f>„^ — ^ ^ . As 
in ()4.1.2p . (/)*(/)*^ = p^Q^Y ix{^'^)\ therefore, the cohomology of vanishes 
in negative degrees. Apply the truncation functor r-" to the adjunction map. Since 
is flat, we get a morphism 0* [0*^]) — In order to show that this 

morphism is an isomorphism, it suffices to work locally on X. 

Assume that X — H x Y and X Y is the second projection (this is sufficient 
once the lemma is sheafified). Let m,TT : H x H x Y ^ H x Y he defined by 
m{h,h',y) = {hh',y) and Tr{h,h',y) — {h',y) and let i : x F iJ x F x y be 
the inclusion i{h, y) = {h, e, y). Here, e is the identity of H. 
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Trivial equivariance implies that tt'/C = m'/C. Therefore, vwlC = i'm'iC. Define 
j : Y H X Y hy j{y) — {e,y). Since m o i = id and tt o i{h,y) = (e,y), we see 
that K, = <j)'j JC. Here is the diagram: 

H xY V/f X H xY^^^^H X Y 



Y -^Hx Y 

□ 

Definition 4.3. Let G be an affine algebraic group, and let q be its lie algebra. 
Let X be a linear functional on g. Suppose that A vanishes on [Q,g]. Define a 
-module 

where ^\ is the ideal generated by {X — X{X); X G g}. 

Proposition 4.4. is a line bundle. Moreover, Jf\ is an invariant Vc-module. 

Proof. Give Vq (and thus, J^a) the standard degree filtration. gr^(J^;^) is spanned 
by the image of g, which also generates gr^(r>G). It follows that 

gr(^A) = gr(pG)/gr(^A) = gr°(©G). 

In particular, ^\ is a coherent OG-module of rank 1. 

Now we prove invariance. = OgxG ®Og -^a as an OcxG-module. Let 

v\ be the image of 1 in Vq/^x- The isomorphism Jf\ lEl .Sfx = is given by 

v\(E)vx n- l(E)vx- To check that this is a X'^xG-niodule homomorphism, let (X, Y) € 
0X0. Recall the Baker-Campbell-Hausdorff formula states that F) = X + 

Y + Y] + . . ., where all of the higher order terms involve commutators. Then, 

{X,Y){l(^vx) = {l(8)fi4X,Y)vx) 



XiX + Y + ^[X,Y] + ...) 



{X,Y){vx^vx). 



vx) 



□ 



Another way to describe J^'x is as follows: let uJx be the invariant differential form 
on G with the property that u)x{X) = X{X) for all X G g. Define a connection on 
Og hy 

(4.1.1) W{g) = d + LJx^- 

Notice that V o V = duixA as operators from Og to SIq. However, if X and Y are 
invariant vector fields, 

dux{X,Y)=ojx{[X,Y]) = X{[X,Y]) = 0. 

Therefore, dujx = and V is a flat connection. The isomorphism — (Cgj V) is 
given by mapping the image of 1 € Vg to 1 € Og- 

Proposition 4.5. Suppose that G = G\ x G2- Let l\ : G\ ^ G and G2 ^ G. 

If ££ is an invariant VG-module, and ££i = tf.S^, then ^ = ££\^ 
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Proof. Notice that the action pi : dxG ^ G factors through GixG iiil^ Gx G ^■ 
G. Therefore, (^) ^ ifi K ^. Therefore, if pi x p2 : (Gi x G2 x G ^ G), then 
{pi X P'l)'^^ == (-S?L I£ . Since ^ is invariant, there is an isomorphism 

Proposition 4.6. Suppose G is a finite product of groups isomorphic to Gq or Gm- 
Then, if S£\ is a invariant sheaf as above, 

RT{G;^x)={0} 

unless I£\ ^ Oq . 

Proof. When G = Ga, i?r(G;.5fA) is calculated by the complex 

This map is an isomorphism unless A = When G = G^,, the cohomology is 
calculated by 

k\x, —1 ~ — ^ — > k\x, —1. 

X X 

The cohomology is isomorphic to {0} unless A S Z. In that case, — Cg^ ■ 

In the case of a product of groups H Gi, proposition |45] states that ^\ = . 
The proposition follows from the Kiinneth formula for P-modules. □ 

Suppose that n :¥ X is a principal G-bundle, where G satisfies the assump- 
tions of proposition 14.61 Let jx : Y he the inclusion of the fiber over x G X. 
Now, suppose that ^ is a holonomic 2?y -module with the property that j*^ is G 
twistedly-equivariant. 

Corollary 4.6.1. With X andY as above, let Z be the Zariski closure of the locus 
where is trivially G- equivariant. Then, tti^ has support on Z . 

Proof. Let tt^ : — > x, and i^ '. x X . Applying base change, 

Proposition Hm implies that i*7r!.if = {0} unless x G Z. The corollary follows from 
lemma 15.51 □ 

Definition 4.7 (Character Sheaf). A character sheaf is a pair C) € MB(I?g, M) 
with the following properties: I£ is an invariant T>G-module, and p^{J^,C) = 
(.if K^,£K£). 

Let G" be the connected component of G. If ^(G") ^ for some functional 
A G g^, we say that A is the infinitesimal character of {^I£,C). Furthermore, we 
define (^^, C^^ to be the dual connection of ^ along with the dual local system 
of £. 

Definition 4.8. LetilkAu) € l(k,M) and{^,C) E MB{Vx,M). Define {ik,(.M)® 
C) = (4 ®k =Sf , ®M C). If a: DR(^) ®k'C C ®m <C and (i Uk ®k<C ^ 
^fc C are the compatibility isomorphisms, then (3 ® a is the compatibility iso- 
morphism for {ikj^M) ^ (-Sf , C). 

Proposition 4.9. Suppose that {^,C) G MB{T>g, M) as in definition \4. 7| Let 
g (z G, and let fig : G ^ G be the map induced by right multiplication by g. Then, 

fif{^,C)-{^,C,g)®{^,C). 
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Proof. Let ig be the mclusion of g G G. Then, iJ-g ^ jJ-g o {ig x idc)- By definition 
mZl {ig X id)^/x^(^, £) = (ig X id)'^(^H^, £H£), which in turn is isomorphic to 
(i^(if i^(£)H£). Finally, (i^(^)K^, i^(£)H£) (^, £, £). □ 

Proposition 4.10. If a : G ^ G is the inverse map, then 

Proof. Consider the maps 

G^GxG G X G A G. 

Notice that the image of G under composition is the identity. Then, 

[cr*(^, £)] (^, £) A^(cr X idg)^/^'^if . 

However, this implies that [a* (^, £)] (g)G (.if, £) = {Og,Mg)- □ 

Ifp:GxX^Xisa smooth G action, we say that (^, A4) e MB(2?j(:, M) is 
G-equivariant if there is a natural isomorphism p^{.M , M.) = (Og, Mg)^{^ ^ M). 
We consider the case where H is the additive group of an n-dimensional fc-vector 
space, and (f) : Y ^ X \s a. principle H bundle. Suppose that (^, M) is H- 
equivariant. 

Proposition 4.11. There exists a unique {,yV,J\f) G 'D^{MQ){Vx,M) with the 
property (f)^ {,yV , J\f) = (./#, A^). Furthermore, 

<j>,{^,M) -.^ {(f>,^,<l),M) = {^,Af)[n] and 

(t>\{^,M) := {(t>u£,<t>\M) = {J^,M)[-n]{-n). 

Proof. The first statement follows from lemma 14.21 There is an adjunction map 
N (j)^(j)*N. A lemma in [T], lecture 2.6, states that 

(4.1.2) (j3^(l)*N =VLY/x{(ly*M). 

For a sufficiently small neighborhood U <Z X, 0,y/x\u — k. Therefore, the adjunc- 
tion map is locally an isomorphism. The same argument works using the adjunction 
map for (f)\. 

There are compatible isomorphisms (picji'Af — > Af and Af — > A/*. Since 
(j>'{.yr,Af) ^ (l)'^i^,Af)[n]{n) by proposition EUl 

0,(.^, Ai) (<j!)!^,(/),M) = (,yf,A/')[-n](-n). 

□ 

4.2. Character Sheaves on . Recall the definitions of o and F^ in section 
11.41 In this section, we will consider character sheaves on subquotients of the group 
F^ . First, we give o, U and F^ the structures of group schemes. Identify a formal 
power series u € o with 

U — Xq + XiT + . . . + XnT"- + . . . , 

so = Spec[a;o, a;i, X2, . . . . . .]. We define p to be the prime ideal of o generated 

by T, and U to be the multiplicative group of units in o. There is a system 
of congruence subgroups W C U, where U — and = 1 + p" Therefore, 
W and 

U = ]^U/U\ 

i 

We will use Ui to denote U/U\ 
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F is the defined by the injective hmit F — lin^^^Q T *o, and F^ — U^g^ 
particular, there is an exact sequence 

(4.2.1) {1}^C/^F^ ^Z^{0}. 

The degree n component of F^ is a naturally a ?7-torsor. For the most part, we 
will work with quotients (T^U) /U^ which are of finite type over k. 

The lie algebra of Uj is o/p^ , and we denote by the invariant vector field 
associated to ^ S o/p^. We fix a basis {X^ = Xrpe}, where 

Q 

(4.2.2) Xg{xo,xi,X2, . . . ,Xj) = y^^x. 



i=0 ^ 



If rriu is the map corresponding to multiplication by u = X]i=o '^i'^'' € U, then 



d ' f 



£>i 



3=0 

By ()4.2.2p . this is the same as {XeXi){u). 

Let A be a linear functional on o that vanishes on for sufhciently large N. 
Define the conductor / of A to be the smallest non-negative integer such that 
A(p'''+^) = 0. For M C C sufficiently large, there is a unique character sheaf 
i^x, Cx) G MB,{Vu^.^^ , M) associated to A. 

Proposition 4.12. Set Ao = A(l), and let M = ^[e^'^^^o] . There is a unique t- 
equivariant Betti structure C\ with coefficients in M corresponding to ^\ on ?7/+i. 
Moreover, {^x,C\\ 1) = lk,M ■ 

Proof. First, we show that C\ exists. The fundamental group of C//+i is generated 
by a loop 7 around xo = 0. Let ia^ ■ G„i — > ?7/+i be the subgroup of constant 
polynomials in Uf-^-i. Up to a constant, there is one invariant vector field X ~ xq-^^ 
on G„i, and 

The horizontal sections of i^ I£\ are spanned by Xq^wa. Therefore, 7ri(C//+i) acts 
on sections t G {U- ^ -^V)k(^x)) ^ by 7(^) = e^^'^^H. Since e^^^^^ e M, it is 
possible to construct C\. 

By proposition 12 . 1 51 it suffices to consider (^a, jCa; 1), where 1 is the identity of 
C//+1. Observe that (^* Jfx, A**^a; (1, 1)) = (-S^a, -^^a; !)• Therefore, the condition 
in definition 14.71 implies that there is a natural isomorphism 

(ifA, £a; 1) = (^a K ifA, Cy, K Cy, (1, 1)) - (J^'a, £a; 1)^'. 

If we pull (-2a, jCa) back to G x G x G by multiplication, there is a similar isomor- 
phism (^A, ^a; 1) = (.S^A, -Ca; 1)^'. Therefore, 



(4.2.3) (ifA,i:A;l) = (-S^a,-Ca;1)^ 



?a,£a;1)* 
^ (ifA, >Ca; 1) ® {^x,Cy, ly' ^ Um- 

□ 
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Now, suppose that is an invariant I?;/^^^ -module. Considerii : Uj_^_^ C Uf+i. 
Uj j^i is nilpotent, so there is an algebraic map log : Uj_^_i ^ p/p^^^. Therefore, 
since .^x is invariant, 

ix-^X — C'ci(Aolog)- 

Furthermore, there is an isomorphism of groups Gm x Uj_^_x — >■ ?7/+i given by scalar 
multiplication. Define ig„ as above. By proposition 14. 5[ 

^x=iij^x)^iH^^)- 
Let Px '■ Uf+i be the composition of Aolog with the projection G„i x Uj_^_-x ^■ 

Uj^i- We have proved the following: 

Proposition 4.13. (^a,>Ca,/3a) e MBei(2?c/,^+,, Af). 

We will need to work with character sheaves on F^_^^ = /U-^^^. As before, 
there is a map deg : F^_^^^ — > Z with kernel ?7/+i, so we write for the degree 

n component of ^'Z+i- 

A character sheaf (^, C) on F^^^ is given by a collection of pairs {^^"\ C^"'') £ 
MB(Dp(„) ,Af) that are invariant under multipHcation ^ : x F^™) ^(n+m) 

Suppose that the infinitesimal character of (.5f, C) is A, so (Jf = {^x, Cx)- 
Since F^_^-y is disconnected, (^, Z^) is not uniquely determined by its infinitesimal 
character. 

Proposition 4.14. Fix a uniformizer T € o.'^^d let /iy correspond to multi- 

plication by T. Then, (^, C) is uniquely determined up to its infinitesimal char- 
acter and the fiber (J(',C;T) = £. Furthermore, on each connected component, 
(^("), e MBei(I?p(„, ,M), where /i^„/3A = 

Proof. By invariance, (.^("), T") = ^^"^ and a^t-C-^^"^) - -^a- Therefore, 
is elementary. Proposition 12.151 implies uniqueness. □ 



By proposition [ 

{^,C;uT)^{^x,Cx;u)<E>e; 

therefore, changing T by a unit u twists £ by (^a, £a; w). 

We say that (^, C) is unramified if the restriction of .Sf to Uj is the trivial 
connection Ojjj for all j. Equivalently, this means that the conductor / of ^ is 0, 
and A(xo + xiT + . . .) = nxQ for some n £ 1j. Otherwise, (^, C) is ramified; in 
this case, we say that (^, C) has tame ramification if / = and wild ramification 
if / > 0. 

Let K be the laurent series field k{{t)), and let be an analytic punctured disk 
with a morphism Spec(i^) A^. There is a canonical map 
given (formally) by 

i=l 

S is canonical in the following sense: identify K with the field of Laurent series 
at € P^, and let G = Pic(P^,a(0) + (oo)) be the generalized Picard group of line 
bundles with order a trivialization at and order 1 trivialization at oo. Then, 

G - [f: X {H{t-'))/t-'k[[t-']])] = f:. 
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Under this identification, S is the locaUzation of the divisor map — {0, 00} — >■ G. 
The foiiowing is a variation of theorem 3.17 in [5 , and (2.26) in [6]. 

Proposition 4.15 (Local Class Field Theory). Let K — k{{t)), and let L be a K 

line with connection V^. Let i{L) be the irregularity index of L, and a = i{L) + 1. 
Furthermore, let L he an extension of L to an analytic punctured disc, and let L 
be a Betti structure for L with coefficients in M . There exists a unique character 
sheaf C) on with the property that 6^^ ^ L and 5'^{^, C) = (Z, L). 

Furthermore, if we trivialize L = K , then the infinitesimal character of { J!f, C), 
X, is the functional with conductor / = a — 1 defined on by 

A(.g)--Res(VL(l)5). 

Proof. Let Xi{g) = —Kes{t^^^^g), < i < / + 1. By explicit calculation (see 
[Sj, 2.26), S*{ujx,) = t-'-'^dt. Using the description of Cx as in line (|IXT|) . it 
follows that S*£\ ^ L. Fix a basepoint x G A^. By proposition [2T5l it suffices 
to choose Cx with the property that ('Ca)^(^) — (L)a;- Proposition 14. 141 states that 
this determines Cx uniquely. □ 

Under class field theory, connections that admit a smooth continuation across 
correspond to unramified character sheaves; otherwise, connections that have 
regular singular points correspond to the tamely ramified case and connections 
with irregular singular points correspond to wild ramification. 

5. Gauss Sums on F 

In this section, we will construct a Gauss Sum involving a character sheaf. Our 
motivation comes from the classical theory of Gauss sums over a local field K. 
In the original setting, ip is an additive character of K, and x is a multiplicative 
character with conductor /; then, the Gauss sum is defined by 

for some c G i^Q 

5.1. Gauss Sums. First, we define an additive character of F associated to a form 
ly S ^x/fc- Define a functional ipi, : F ^ Ga by 

tp^{g) = Res(5z/). 

Fix two integers N > n, and suppose that C ker(-0i,). Then descends to 
a functional on p"/p^. Define c(i^) to be the smallest number such that p"^*^"^) C 
ker^tp^); in particular c{i>) ~ ord(i'), the order of the zero (or pole) of v. Let 
{^^^, Ai'jp^,tpu) G MBoi(I?pn/pN, Q) be additive invariant character sheaf defined 

by ipiy. We will denote the restriction of {^^^ , A^^„ , 4'^) to J^^2„ by (^^„ , Al^„ , ipv) 

In the following, let g G F^ , and : -Fjlj!l„ ^dcg{g)+N-n corre- 
sponding to multiplication by g. 

Proposition 5.1. Let E MBci(I?p(Ti) , M) be defined as above. Then, 



In fact, the sum vanishes if c is not chosen in the proper degree, but it is otherwise independent 
of the choice of c. 
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Proof. Since A'g(V'i^) = ^gi^: f^f{-^i>„) — -^ipgu- The same holds for A4^„. □ 

Definition 5.2. Let {j!f,C,/3) be a character sheaf on F^^^ with infinitesimal 
character A, and suppose that A has conductor f . For convenience, write a(^) = 
/ + TakejeF'' of degree c{v) + a(^) . Then, 

t{^,C;v) = i?r,(7-it//+i;(if,£,/3) ® , A4^„ , V-.)). 
Proposition 5.3. Let g G F^ . There is a natural isomorphism 

Proof. Let /ig : 5^^7^^C//+i — > 7~^[//-(-i be the map corresponding to muhi- 
pheation by g. Then, /^^(^, £) = {S£,C) ® {J2f,C,g) by proposition 14. 9[ and 
^^(^^^, A4^^) = {^iPg^,M.4,g„) by proposition 15.11 Therefore, 

lif{^<^^^^,C(SM^^)) = (if,£,g)«) (if «) , £ (g) A4^g J . 
It foUows that 

(5.1.1) i?r,(7-i[//+i ; (if, £, /3) (g (^^,^ , , V.)) - 

i^,C;g)(g>RT,ig-'^-'Uf+i;{^,C,P)(^i^^^,^,M^^,^,^P.)), 

which proves the proposition. □ 

Fix a generator T of p. If the conductor of A is /, we define the dual blob of A 
to be Sx = A(r/). Notice that when f = 0, 5x = A(l). Moreover, when / > 2, the 
line iiVSx)-^^^) E £{k, M) is independent of T: when / is odd, it is the trivial line; 
when / is even, a different choice of T changes 5\ by a square. 

The following is a refinement of theorem 11.11 from the introduction. 



Theorem 5.4. Suppose that if(C/) ^ if\- Define g\ G F^ to be the element 
with the property —tpg^^u — A, and g^ to be the element with the property that 
i'vigij) = — 1- As before, set a = a(if) = / + 1. Then, 



(g2.v^5, _ ^ (r(JA))-^ ® (if, £,5.) a - 1; 

(g-Rcs(<,..)) ^ {{J^Y) ® (V^)LtJ ® (if,£,ffA), a > 1. 



Indeed, (e^'^^ ^''^ ~ 1) ^ G so if may &e omitted in the case a = 0. 

Observe that, when (if, £) is unramified, T(if , £; i^) = (if, £; g^). 

In the case a > 2, we will analyze r(if , £; j/) using the composition of morphisms 

When / is odd, [^-^J — \^-^'\ ~ in the odd case, these are the integer floor 

and ceiling of | , respectively. We write L/^ for the image of va^U j\ therefore, 

rl±i] I /±i 

[/!■ , 1 is the kernel of tti and t/^ , ?, ^ is the kernel of ttt. 
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5.2. Vanishing Lemmas. In order to calculate a Gauss sum, we adapt an old 
technique for calculating arithmetic Gauss sums. The argument uses the fact that, 
for any non-trivial additive character ■0, X^xs-F/p^ i^i^) — 0- One can show that 
enough terms of the Gauss sum vanish and that the remaining terms are a simple 
quadratic Gauss sum. We will modify this technique so it applies to the cohomology 
of elementary P-modules. 

Lemma 5.5. Suppose that ^* is a complex of Vij-modules with holonomic co- 
homology. Let Lx be the inclusion of a point x d U . Then, if = {0} for all 
X £ U, then there is a quasi- isomorphism ^ = {0}. 

Proof. It sufhces to show H^{^*) = {0}. Therefore, we may assume ^ is a 
holonomic I?[/-module. There exists a dense open subset j : V ^ U with the 
property that j*^ is Oy-coherent. Let ty ■ Y ^ U he the complement of V. Since 
L* coincides with the coherent sheaf pullback on V, Nakayama's lemma implies that 
j*^ = {0}. Therefore, Kashiwara's theorem (1 1.8) implies that ^ = L.i,L\Ji . 
By induction on the dimension of [/, it follows that i^i .^ = {0}. □ 

In the following, we suppose that A has conductor / > 0, and {I£\,C\) is the 
unique character sheaf on ?7/+i determined by A. Furthermore, we will assume 
that '01/ = ^A by proposition 15.31 To simplify notation, we write /' — \J-^\ and 

Lemma 5.6. (t:\)\{^\ ® has support on Uj,,. 

Proof. Let q £ U, and let Lq : uj^^ — > qUj^-^ be the inclusion of the coset generated 
by q. There is a group isomorphism p-'^ /p'^^^ — given by 

p^'Vp-^'^^ ^ i + p-^"/p-^^^- 

Multiplication by q maps fiq : Ufj^i ^ QUj_^^^. Therefore, iq — pLqO li and 

L*q i^X (g) = '•1 {l^*qi-^x) /^gG-^vJ) 

^ {^x,q)<»ki*i {Jffx <S) . 
Identifying uj^^ with the additive group of p-'' /p-^^^, we see that lI^x and i{^^^^ 

i" 

are [/jf_|^-^-invariant. In particular, by proposition 



only when /^^^^^ — ij£xf . This is only the case when 

(5-2-1) (MgV'l')lp/" /p/ + l = -A|p/" /p/ + l. 

However, U has a natural action on Hom(p''^ IP^^'^ ■, k), and the stabilizer of -ipi, 
is Uj^^. Therefore, eauation l5.2.1l is satisfied only when q e 
Now, let iq : qUj„ Uf"- Applying base change, 

t^(7ri)! [J^'x (g) = RTc qUjlj^; iq {^x «) ^4,,^ 

By above, ^^(Tri)! [^x(^^ii>J vanishes for q ^ f". Therefore, proposition 15.5 
implies that (vri)! [Jifx <8) ^v^l support on Ul„. □ 
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Define a function ipx : Uj„ — Ga by (p{u) — A( ~" ). When / is odd, (p is the 
zero function; however, when / is even, ip\ is a non-trivial quadratic. Let Od,p;^ 
be the trivial "D^f -module twisted by e"^^ , and let Odip^ be the Betti structure 

normalized so that (Odip:^: Od^p^, 1) = 1a;,j\/- 

In the following lemma, let t : Uj-j^-^ Uf+i and tt : ?7j_|_i ^f"- 

Lemma 5.7. Let {tkAM) — (^^, Al^, 1). Then, ® is Uj^-^ equivari- 

ant, and 

Proof. First, we claim that l* is twistedly equivariant. Let /i : C^J^^i x 

?7jf_i_j^ — t^/+i, and fix mi g p-'' and ii2 G p-'^ . Then, u\U2 € ker(-(/',y), and 

^Vi/ll + Ui, 1 + M2) = + Ui)(l + U2)) = '(/'2^(wi) + V'z.(l + W2)- 

Therefore, 

where is defined as in 14.31 Since V-'i^ = h follows that €5 is 

trivially Ul^-^ equivariant. 

Lemma [4.2l states that there is a unique 2?^/' -module , and Betti structure A/", 

such that T:^._yV = ® J^^ ) and tt'^A/' = {C\ ® Ad^ ). By proposition 

Em 

Notice that the shift from l* cancels the shift from tti. We will show that 

i,yr,Ar) = iik,iM)^iOd^„Odv,). 

Identify U = k[[T]]^ , and let B be the subgroup of U/U^~^^ consisting of 
(5.2.2) {1 + xT^' -I- yT^f' : (x, y) e x A^}. 

Multiplication is given by 

{xi,yi).{x2,y2) = {xi +X2,xix2 + yi + 2/2)- 
and there is a group homomorphism 

log : B ^ Ga X Ga 

x^ 

log{x,y) ^{x,y~ —). 

Notice that if / is odd, B = Ga and (x, y) = {x, 0) since yT'^^' G u-'+^ 

Let Lb '■ B ^ ^f+i- If ^^s is the restriction of A to B, then {C\) = C\g [/ — 2]. 
Since log is an algebraic map on B, Cxg is an elementary 2?-niodule: Cxg ^ Cf>,j 
where 

Fxix,y) = A(log(x,y)) = A(l + xT^' + {y - ^)T^^'). 
Now, consider the quotient map ttb ■ B ^ /U^ . By assumption, — —A, 

so 

[Fx + i^.){x,y) = 5x{-^). 
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In particular, (Fx + ip^,){u) ~ fx o TrB{u) for u ^ B. Since {^\ ® Ji^^,C\ ® 
M-ij,^, 1) — {ikjiAi), proposition 12.151 implies that 

□ 

5.3. Proof of Theorem. 

Proof. In the unramified case, j~^Uo is a point, and ipi, vanishes on j^^Uq. There- 
fore, the de Rham line is the fiber of Jtf at 7"^ and Betti line is the stalk of C 

The case a = 1 resembles example l2.8.1l Observe that ^i, gives an isomorphism 
between j~^Ui and Gm- Let be the element of j~^Ui such that ij^vi^v) = — 1- 
Then, 

Above, {^-dzT^ -dz) is defined as in example 12.8.11 It follows from the same 
example that 

t(^, £; v) - (e^-v^^A - 1) ® (r((5A))-i ® (^a, £a; 9.)- 

Now we consider the case where a > 2. By proposition 15.31 

t(^, £; - (^, £; 5^) ® r(^, £; g^v). 

Thus, we may assume that 7/;^ = — A Let tt and l be defined as in lemma [57fl Lemma 
15.61 implies that 

r(if , £; z/) = i?r,(C//^; Tra* [(^a, £a) ® G-^^., Al^J] , -^a). 
Thus, applying lemma ISTZl we deduce that 

r(if , £; 5AJ^) = (^-a, M-a; 1) ® {2^/ ® i?re(C//', ; {O^, , C*^, , cj^x j). 

When / is odd, /" = /' and RT ,{uf,\0^^,O^^) ^ Ua/, which is the same as 

(v^)-'^^^ since S\ £ k. It suffices to calculate RT c(Uj„]Odip^,Odipx^^\) in the 
case that / is even. 

Recall that tpA — ^\{~^)- Therefore, by example |2. 8. 2i 

RT,{Ga\Od^,,Od^,,Vx) = (y 

Moreover, {\[^Y = {Wx) ® {^2^)-^^+^'^ and (^„a,A4_a;1) = (e-'^»A-(i)). 
Note that —"03^1/(1) = —^cs{gxv). The theorem follows by putting the pieces 
together. □ 

To end this section, we define the e- factor of a character sheaf on F^. The 
definition is intended to evoke the calculation of an e-factor of a GLi representation 
in the local field case. In the next section, we will see that these e factors satisfy 
the desired global product formula. 

Definition 5.8. Let (^, C) he a character sheaf on . Define 

e{^, £; ly) = t(^'', £^; i^) ® (27rV^)'^''H-c(i/) - a(^)] G e{k, M). 
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It is worth considering the case where C) is unramified. Using local class field 
theory (proposition 14. 1 5]) . the corresponding local Betti structure (i, L) continues 
smoothly across to a pair (X, L). L is formally equivalent to the trivial connection 
on 0, and L is a constant sheaf on the analytic disk A. There is a short exact 
sequence 

(0,0) ^ {j\L,jiL) ~> (Z,L) ^ {i*L,i*L) ^ (0,0). 
Let OTd{v) = 0. Then, 

e{j]L,j\L;v) = e{L,L;v) (g) e{i* L,i* L,i*L)~^ 

= {L,L;0)-\ 

by definition 13.41 On the other hand, since (i,L) is constant, 
(if\£^;7~^) = (=S^,£;7) = (i,L;0)-i. 
In particular, e(^, C; v) = £{j\L, j\Ij; v). 

6. Product Formula 

In this section, we will prove a product formula for the e-factors of a rank 1 
meromorphic connection on P^. We will use a geometric argument derived from 
[l2] and [5] section 3. Notice that the authors cited work with curves of arbitrary 
genus; however, the reduction to a case resembling is essentially proved in [5] 
Lemma 3.7. 

6.1. Period Determinants. Let L be a line bundle on a smooth genus g curve 
X with meromorphic connection V. Suppose that V has poles on D = {di}, and 
V — X\D. There is a positive divisor D = ^ adi{di) on X with the property that 
the complex 

V : L ^ L(D), 

is quasi-isomorphic to RT{V]j*L). Notice that ad = id{L) + 1, where id is the 
irregularity index at d. 

The Euler characteristic of the cohomology may be expressed in terms of D. 

Theorem 6.1 (Index Theorem). 

x(i?r,(l/;L))9^2.g-2+^ad. 

deD 

This follows from [TH], chapter 4, theorem 4.9. Now, suppose that X is a line 
bundle on X = with meromorphic connection, and L is a Betti structure for L. 
We may trivialize L on V , and express V(l) = a; + d<j), where u> has simple poles 
on D. Then, (L,L;(/)) e MBoi(X>y; M). 

Lemma 6.2. Let n = —2 + X^den '^'i' ^'^'^ he the n*'' symmetric product 

of V . Then, (f)^"^^ ='^4' defines a regular function on T^'"), and 

det{Rr,{V; {L, L, 0)) - (i?r,(V^("); (Sym"(L), Sym"(L), 0("))). 

In particular, i?rc(V^("); Sym"(i)) is a line. 

The statement for RTdL) is proved in [5], Proposition 3.2 using the Kiinneth for- 
mula for integrable connections. Thus, the lemma for (L,L,(/)) follows by applying 
the Kiinneth formula in theorem 12.191 
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6.2. Generalized Picard group. Suppose that D C is a non-reduced positive 
divisor. Let Pic(P^,D) be the generahzed Picard group of hne bundles on Pic(P^) 
with order D triviahzation. This is the space of hne bundles on P^ with the following 
equivalence relation: Li and L2 are equivalent whenever there exists a rational 
function g such that 5=1 (mod D) and gLi — L2 (|23], Chapter 4). There is a 
forgetful map <i> : Pic(P^,D) Pic(P^), which is precisely the degree map. Write 
Pic"(P\D) for $-i(n). 

There is an adelic (see [33], ch 5.3) description of Pic(P^,D): let / be the re- 
stricted product riLGPi(fe) -^x, where is the completion of the function field of 
V^atx. Then, 

(6.2.1) Pic(P\D) = Yl U''''{d)x Yl ^i^) 

dGsupp(£)) a;^supp(D) 

Above, U{x) C Kx is the subgroup of units, and U'^{x) is the degree a unit subgroup 
as in sectional There is also a divisor map 

gin) . yin) _^ Pic(pi,D). Specifically, 

<5(")(ui,...,M„) = 0((ui) + ... + («„)). 

There is a global analogue of proposition 14.151 

Proposition 6.3 (Global Class Field Theory). Let L be a line bundle with mero- 
morphic connection on P^, and let be a Betti structure with coefficients in M . 
Then, there exists a unique character sheaf , C) on Pic(P"'^,D) with the property 
that 

{5*{^),5*{C))^{L,\.). 

Proof. The existence of ^ is proved in [5], proposition 2.17. By proposition 12. 15[ 
it suffices to choose C with the property that 

{J^,C;5{x))^{L,l.-x) 

for any x E U. □ 

We return to the case where X = P^. Suppose that n = deg(D) — 2 > 0, and con- 
sider Pic"(P\D). Since Qpi/kCD) is rationally equivalent to 0(n), Pic"(P\D) = 
<i>~^([riiii/i.(D)]). Therefore, the set of order D trivializations of f2pi/j,(D), up to 
isomorphism, is a Pic^'^''(P^, D) torsor. Furthermore, by fixing a global meromor- 
phic form 1/, we may identify this set of trivializations with Pic"(P^, D). We let Si, 
be the composition of the divisor map with this identification. 

We follow the argument in [T2], Section f. Let d have multiplicity in D. Define 
Jd to be the U"^'' torsor of differential forms with poles of order exactly Od at d, 
modulo forms that are regular at d. Therefore, 

dz dz dz 

Mk) = {ha.j^^ + ha.-ij^^^ + ■■■ + hij^^ : h., e fc, V ^ 0}. 

We define Jd ~ IlcieD "^^l- There is a natural action of on each component 
Jd by scalar multiplication, and we take = Jn/Gim to be the quotient of Jjj 
by the diagonal action. is precisely the set of isomorphism classes of order D 
trivializations of fJpi (D). Thus, Jd = Pic"(pi, D) for n = X^deD - 2. 

There is a residue map Res : J/? — ^ Gq. Take Y,o to be the subvariety of Jo on 
which Res vanishes. Since Res(aa;) = aRes(a;) for a € Gm, the image of in 
is a codimension 1 subvariety C J'jy. Now, as above, fix a meromorphic form 
v, and let (i/) be the divisor associated to the poles and zeroes of v. Suppose that 
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(vi) G Syni"(V^). There is a rational function Q'^^.y unique up to a scalar, with 
divisor class (vi) — D — (j/). The divisor map 6^, : Sym"(y) — )■ is given by 

= n (^^, 



where (QJ^^.-jt^) is the image of (Q'^^^.^i') in Jjj- By the residue theorem and dimen- 
sion, Si, is an isomorphism between y'"^ and E^. Therefore, 0*^"^ defines a regular 
function on S'^. 

Finally, by proposition 16. 3[ there is an invariant I?- module ^ and a Betti struc- 
ture £ on Pic(")(X;D) such that ^ Sym"(^) and 5lC[-l] ^ Sym"{J^). We 
have proved the following lemma: 

Lemma 6.4. Let l'-^ : E^ — > J^. T/ien, 

"i?r,(j;3,((t5:)*is)*if),(4)*(4)*A0^"^)] = det(i?re(y;L,L,0)). 

6.3. Proof of Product Formula. We return to the character sheaf (^, C) on 
Pic(P\ D). Let F^^^ be the field of Laurent series at d £ D, modulo the unit ideal 
t/""^. Let be the divisor D -f- (v), and let D^, be the union of the support of D 
with the support of (v). 

By the description of Pic(P^,D) in (16.2.11) . there is a natural surjection tt : 

Proposition 6.5. Let {^d, £d) be the character sheaf on F^^^ determined by local 
class field theory as in proposition \4-15\ Then, 

TT^{^,C)^^deD,A-^d,Cd). 

Proof. Let S : U Pic(P^, D) be the divisor map, and suppose that T is a param- 
eter at d. Then, after multiplying by the global function j_ j^^-^ , S{u) = ^J^^^.^ 

in F^ , and the identity in all other components. Notice that this is precisely the 
local divisor map from proposition 14. 1 5l 

Let be a formal disk around d. Let 5d ■ — >■ F^ be the composition of 
the inclusion A^ — >■ with the divisor map above. Therefore, since Sd factors 
through TT, it follows that the restriction of n^{^,C) to F^ must be (J^fdjCd)- 
The proposition follows from proposition 14.51 □ 

Corollary 6.5.1. Let (if("),£("^) be the restriction of {^,C) to the degree n 
component o/ Pic(P"'^, D). Then, there is an invariant regular function Z?*^"-* : 
Pic(pi,D) -> Ai such that (.if £("^ /3) e MBci(X>Pic(pi,D), M)- 

Proof. Let rud be integers such that J2deD„ = n, and let 7^ g F^^^ be an element 
of degree m^. There is a a principal Gm bundle 

p: n 7rff/a.(d)^Pic(")(pi,D). 

deD^ 

Proposition 16.51 implies that 
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Recall that (^j™''^ £|f"''\ Z?^"'"^) e MB^i{V^u^jd), M). The sheaf in ^ is 
trivially Gm equivariant, so in particular ^ 13^'''^ is Gm equivariant. Therefore, 
'EP'T''^ descends to a function on Pic^") (P^, D). Take/3(/) = /3('i<=s(^))(/). □ 

For each d e D^, choose G F^^^ of degree Ud + c{v). be as above, and define 
" ■ Ylde-D^dUaAd) Jd by 

a(/)<i = 

The diagram 

U.de-D"fdUaAd) 



Pic"(pi;D) — ^-^J'd 

commutes, the vertical arrows are surjections, and the horizontal arrows are iso- 
morphisms. Let ad be the inverse map on and take ^p to be the functional on 
Jd defined by summing over the residues of each component. Then, the zeroes of 
ip are given by E^,, and a*?/; = Y^deo V-'i' ° '^UdU^Jd)- By proposition 001 

(6.3.1) = 

Let : T, ^ Jjy. Define an elementary Pj^-module Od^i,, and let Od-^, be the 
Betti structure with the property that i^'^{0 d^ , O d^) — (Oso , Qsr>)[l]- 

Lemma 6.6. There is a distinguished triangle 

O^'^^n^Od^^Or^. 

Proof. Use the G„i action on Jjj to construct Jd = Jd xg„ Gq. Therefore, the 
induced map tt : Jd J'd is a. principle Ga bundle. Extend ip by zero to a function 
'ijj on Jd- Let j : Jd Jd, and let iz '■ Z G Jd be the inclusion of the zero section 
of the Ga-bundle. There is a distinguished triangle 

j^Od^ ^ Od-^ {iz)SzyOd^r 

Since ^ is identically on Z, {iz)*{iz)*Od^ — therefore, we obtain a dis- 

tinguished triangle 

Oz^j^Od^^Od^■ 
The desired triangle is obtained by applying tti to the above triangle. The induced 
map Z — > is an isomorphism, so it suffices to show that 

(6.3.2) 7f!0^--0si,[l]. 

The function ip is linear on the fibers of tt. Now, by corollary 14.6. 11 the support 
of TfjO^ is contained in E^. Let Yjd = 7f~^(E'^), and tjj^ : Ed Jd- Since 
i^O^ = proposition 14. Ill implies that 

TTiOtt [1] TflTf'Os- = Os' . 

This verifies [6X21 □ 

Finally, we will need to use the following lemma: 
Lemma 6.7. RTc{J'd].^) = {0}. 
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Proof. Let G — ridsD Ua.a{d)- Then, Jd is a G-torsor, and is a G/Gm-torsor. 

Let be the invariant Pc-module corresponding to G. Fix an isomorphism 

G = Jd by choosing a point ly e Jd. Then, if i is the fiber of ^ at i^, — ^<8)fc-Sf . 

Similarly, define if^ on G/G„. If ttg : G ^ G/G,„, Tr^if^ ^ ^q. It suffices to 
show that RTciG/Grn', -^g) vanishes. 
Let a: e D, and 

G' = C/ix nC^a.(d)cG. 

By theorem 16. li the dimension of G is at least 2, so G' is non-trivial. Moreover, 
: G' — > G is a section of G G/G^. Therefore, we may identify G' with 
G/G^. Let Jf = U^^-\d) be a non-trivial subgroup of G', and tt^^ : G' ^ G'/iJ. 
Since is the conductor of the restriction of to the fibers of tt^ is non- 
trivial. Therefore, corollary 14.6.11 implies that {7Th)\^^q = {0}. By composition of 
push-forward, i?rc(G'; if^) 0. □ 

Theorem 6.8 (Product Formula). Let (i,L) be a holonomic "Dpi -module, with 
singular points lying in T) C P^. Let V = P^\D. Furthermore, let {Ji'x,Cx) 
be the character sheaf defined by local class field theory and suppose that v is a 
meromorphic form on . Then, 

L, L) = (2^V^) ® (g) e(^^\ i.). 

Proof. Recall the definition of e(J£,C;v) in definition 15.81 Let Cx(y) = orda:(zy), 
where orda;(i') is the degree of the zero or pole of v at x. Therefore, 

Since is a one form, X^xepi = —2. Moreover, ii x Cz D f^ = m^, so the 

degree of {g)^gpi e{^l^ , C^; ly) is 

-2+ ^(1 

xeD 

By theorem 16. 1[ this is the same as the degree of edV; L, L). Using lemma [6?2l it 
suffices to show that 

RT^V^"^; (Sym"(L),Sym"(£),0(")) - {27tV^)-^ (g) r(^/,£^;j.). 

xex 

The pair (O^, O^) on J^ is isomorphic to the product {^dGD^O^^,^dGD^O^^). 
By the theorem 12. 191 

(6.3.3) (g)T(i^,\£^;;.)- 

i?r, [ n ^dUaAd);^deD^ [(ifJ,£^,-/3d)0(^^„,M^„,V.)] ) . 

However, by line (|6.3.ip . 

(7r')^(^, £) = HrfeA.(-^/, -C^, -/3d), 

and 

^deD^{0,p^,Ojij^,ip^) = {^dxp,M.d^,->p). 
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Therefore, 

(6.3.4) (2^V^)-i (g) T{^:i,Ll-v) - 

i?r,(Ji3; (^')^(-^, (Od^, e»d^, V)) 

On the other hand, lemma imphes that 

RV, [j^;((4),(4)*i^),(4),(4)*£),0("))] =det(i?r,(F;(L,L,0)). 

Therefore, the left hand side of I6.3l is a line. 
It suffices to show that 

(6.3.5) i?r,(Jz3;(7r')^(^,£,/3)(l)® (0<i^,e»d^,V)) = 

R^c (j;,;((4)*(4)*^,(4)*(4r'C),0("))). 
Tensoring I£ with the triangle from lemma l6^ we obtain a distinguished triangle 

((4)*(t's)*^)[-l] ^^(^TTlO^ 

By lemma [6T7l 

i?r,(j;,;(4),(4)*j^hi]) - i?r,(j^;i^®^,OvO- 

Using the projection formula in proposition 12. 6| ^ ® tt'O^ = 7r[((7r')'^^ (g) O^). 
This proves (|6.3p in the 2?-module case. 

Now, we will work with C Recall, from the proof of lemma |621 that vf : Ed — > 
Ti'jj is a Ga-bundle. Furthermore, as above, there is a natural isomorphism 

(6.3.6) RT,{JD;{n')^{^,C,l3){l)®{Od^b,Od^,4')) 

= i?r,(Sz,;(.^J*(^,£,/3)(l)). 



Finally, proposition 14. Ill implies that 

7rf(i5.)ai.(^,£)(l)-(tE')!is'(^,>C). 
This confirms line (|6.3.5p . □ 
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